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 Nonreciprocity of spin wave propagation is a well-known consequence of 
antisymmetric exchange contributions possible in magnetic spin systems that lack 
inversion symmetry. In this case, it is possible for the energy of a state to depend 
on the sign of its momentum as 𝝎(𝒌) ≠ 𝝎(−𝒌). We discuss here the consequences of 
this nonreciprocity on counterpropagating travelling spin wave  states. In a 
confined geometry we find states with well-defined nodes but with amplitudes that 
are modulated such that inversion symmetry of the mode profile is lost. This 
feature leads to the suggestion that additional features may become visible in, for 
example, ferromagnetic resonance studies of ferromagnetic micro-elements with 
DMI, allowing a quantification of the amplitude and direction of the DMI. 
Moreover, this interference between nonreciprocal modes forms the basis for a 
generalized concept of mode confinement. 
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Background. The creation of chiral Dzyaloshinskiǐ Moriya [1] [2] interactions (DMI) in 
thin films, through interface effects, has intriguing and potentially useful consequences 
[3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21]. 
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There are many important questions regarding the impact of defects [22], impurities, 
geometry [23] and the potentials for tuning the interaction through composition and 
materials choices [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] 
[38] [39]. Examination of dynamics, including investigations of spin waves and 
ferromagnetic resonance, are proving to be very interesting and useful [40] [41] [42] 
[43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56]. One important 
application is the measure of DMI from analysis of data from spin wave spectroscopies. 
It is well known that gradient magnetisation terms can contribute additional chiral 
exchange energies into spin wave frequencies [50] [57]. These shift the usual 
ferromagnetic dispersion relation 𝜔~𝑘2 off of zero with a ±𝐷𝑘 contribution that, if 
measured, provides a value for the DMI constant D [58] [59] [60].   There is an 
interesting question that arises when thinking about finite geometries. What happens in 
a chiral system when spin waves are confined by edges? The idea is sketched in Fig 1b, 
where two counter propagating spin wave modes are created by reflection from two 
mirrors. The waves have the same energy, but have different wavelengths when 
travelling in opposite directions because of the nonreciprocity of the medium. 
Immediately there follows an important consequence for measurements. Without DMI, 
the largest signal one would measure in an FMR experiment is the spatially uniform 
resonance mode [61]. Standing modes are typically invisible, with free end boundary 
conditions,  as there is no net magnetic moment for a driving microwave field to couple 
to.  
Suppose that the waves are propagating along the x axis between two mirrors 
placed at x= 0 and x= L .  Because of DMI, the dispersion relation for spin waves is not 
symmetrical about +kx and –kx propagation [58]. As a result, in real space the 
interference pattern, at any instant in time, produced by the counter propagating waves 
is not necessarily symmetrical about the midplane  (x=25)  as seen in the example in 
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Fig. 1c. A striking consequence of this real space asymmetry for measurement is 
that resonance experiments will detect more modes when DMI is present than 
when DMI is not present.  The reason for this is now evident.  The DMI reduces the 
symmetry of the system [62] allowing all the modes to couple to the uniform driving 
field found in the typical ferromagnetic resonance experiment.  Some modes are more 
strongly driven than others, typically the modes which have frequencies close to what 
used to be the ferromagnetic resonance frequency.   
 Micromagnetic calculations [63], which will be described later in this paper in 
detail, confirm this for ferromagnetic resonance obtained from an elliptical Py dot with 
and without DMI. The structure with DMI reveals more strong absorption peaks than 
the same structure does without DMI due to the lack of symmetry in the eigenmode 
profiles. 
The asymmetry in the mode profile follows directly from the superposition of two 
oppositely propagating waves. Because of the nonreciprocity, one does not get simple 
standing waves.  In Fig. 1c we see that the profile of the wave shifts in time, although 
the nodes remain at constant positions. As can be easily appreciated, in the presence of 
DMI the instantaneous mode profile does not have a fixed symmetry, i.e. it is not even 
or odd about the midpoint.   
The essential features of the confined modes in the DMI case can be understood in 
the following perturbation argument. Suppose that the DMI is weak, so that the 
difference in wavelengths for the counter propagating waves is small. In the absence of 
DMI, even and odd symmetry solutions for confined modes are expected with 
wavenumbers 𝑘𝑛 quantized as multiples n of the inverse confinement size L, according 
to 𝑘𝑛 =
𝑛𝜋
𝐿
.  
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Consider, as an example,  a solution with even symmetry along the x direction of the 
form 
𝑚(𝑥, 𝑡) =  𝐴 exp(−ⅈ𝜔𝑡) [exp ( ⅈ 𝑘𝑛𝑥) + exp (−ⅈ 𝑘𝑛𝑥)]                                        (1) 
This wave will obey the ferromagnetic exchange dispersion 𝜔 = 𝐽𝑘𝑛
2 where J is the 
exchange energy in suitable units. Now allow for small DMI, with the strength 
parametrized by D, there is non-reciprocity for propagation along x. Because the right 
and left wavectors are different, we describe the confined wave with the equation 
𝑚𝐷(𝑥) =  𝐴 exp(−ⅈ𝜔𝑡) [exp ( ⅈ 𝑘𝑛
𝑅 𝑥) + exp (+ⅈ 𝑘𝑛
𝐿 𝑥)]                               (2) 
where the right wavevector is  𝑘𝑛
𝑅 = 𝑘𝑛 + 𝑘
′ and the left one is  𝑘𝑛
𝐿 = −(𝑘𝑛 − 𝑘
′). With 
DMI, the wave has frequency 𝜔 = 𝐽(𝑘𝑛 + 𝑘
′)2 ± 𝐷(𝑘𝑛 + 𝑘
′). For small D,  𝑘′ = ±
𝐷
2𝐽
 , 
which is also small.  With these substitutions, the confined wave now has the form,  
𝑚𝐷(𝑥) =  𝐴 exp ( i 𝑘
′𝑥 − ⅈ𝜔𝑡)cos (𝑘𝑛𝑥)                                                              (3) 
This has a familiar ‘beat’ frequency structure, with a long wavelength envelope 
containing a short wavelength oscillation. Another way to view this is as a generalized 
confinement in a moving reference frame, resulting in a system with fixed nodes and a 
wave moving at velocity 𝑣𝑝 =
𝜔
𝑘′
.  As seen from our one-dimensional model, described 
below, the time dependent oscillations of the mode amplitude with DMI present are 
more complex than in the D=0 case, with a pronounced time-dependent asymmetry in 
the mode profile, as seen in Fig. 1c.  In particular, one sees a constant node position but 
with the profile of the wave moving as a function of time.  Thus the numerical results 
are consistent with the simple analytic picture obtained above.   
Resonance Calculations. Additional insight into the asymmetries of the confined 
modes can be obtained using a one dimensional atomic toy model for a spin chain. 
Although this model is oversimplified, there are distinct advantages to exploring it:    
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1) The microscopic model does not require a transition to a continuum limit with its 
reliance on smooth and slow variations for the solutions;    
2) There is no need to have additional assumptions about boundary conditions;  
3) A comparison of the results from the atomic model with the micromagnetic model 
can validate the assumptions inherent in the micromagentic calculations.   
In the toy model, the equations of motion for classical spins are integrated 
numerically for a finite chain of length N. The equations of motion are damped, and of 
the Landau-Liftshitz-Gilbert form: 
ⅆ
ⅆ𝑡
?⃗⃗? 𝑖 = −𝛾?⃗⃗? 𝑖 × ℎ⃗ 𝑖 + 𝛼?⃗⃗? 𝑖 ×
ⅆ
ⅆ𝑡
?⃗⃗? 𝑖                                                                    (4) 
where 𝛼 is the Gilbert damping constant and 𝛾 is the gyromagnetic ratio. The 
local field at site i  is  ℎ⃗ 𝑖 = −𝜕𝐸 𝜕?⃗⃗? 𝑖⁄   where the energy E is given by  
𝐸 = ∑[−𝐽?⃗⃗? 𝑖
⟨𝑖𝑗⟩
⋅ ?⃗⃗? 𝑗 + 𝐷?̂? ⋅ (?⃗⃗? 𝑖 × ?⃗⃗? 𝑗)] + ∑?⃗⃗? 𝑖 ⋅ 𝐵?̂?
𝑖
                                        (5) 
where the sum is over nearest neighbours; the chain of spins lies along the x axis, and B 
is a magnetic field applied perpendicular to the chain. The numerical integration is 
performed using a Runge-Kutta method. We discuss now the dynamics simulated over 
1010 time steps after an initial starting state of spins uniformly canted slightly away from 
equilibrium by an angle of 1o.   We use the parameters of Jm = 20 kOe and B = 1 kOe. 
A Fourier transform in time is performed and used to generate a frequency 
spectrum of the modes. The Fourier transform is calculated for a transverse component 
of a sum of amplitudes taken over each site, 𝑠𝑥(𝑡) = ∑ 𝑚𝑥(ⅈ)𝑖 .  Spatial profiles of the 
mode amplitudes are then extracted as the site-dependent Fourier amplitude associated 
with a particular frequency peak in the spectrum. Note that the only non-vanishing sum 
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of components will appear for mode profiles that exhibit a net magnetisation in the 
oscillating transverse components. Without DMI only the uniform ferromagnetic 
resonance mode satisfies this condition  [64]. 
An example of the spectra with and without DMI is shown in Fig. 2. The 
spectrum without DMI, shown in the top panel of Fig. 2 , has only one peak, located just 
below 3 GHz. Setting the DMI to a value of D/J = 0.1 shifts the frequency of the main 
intensity peak and creates three additional peaks as seen in the middle panel of Fig. 2. 
This value of DMI is not large enough to change the ground state appreciably and the 
appearance of new peaks is associated with an asymmetry in the profiles that gives rise 
to a nonzero time-dependent magnetisation in the oscillating modes. 
The spatial Fourier amplitude profiles corresponding to the four peaks are shown 
in the right panel of Fig. 2. These amplitudes appear to approximate the standing wave 
mode profiles one expects for confined spin waves without DMI, but this is misleading.  
As shown earlier, the node position remains fixed, but the time-dependent profile moves 
with a constant velocity.  The Fourier profiles measure an integration of the motion over 
time, so the nodes remain at their expected positions, but the Fourier profile completely 
misses the motion of the wave.  There are other subtle asymmetries in the profile 
shapes, and dramatic effects on the relative intensities. In particular, the ferromagnetic 
resonance mode, which as discussed above normally corresponds to the mode with the 
largest fluctuating transverse magnetic moment. Instead with DMI we find that the 
largest intensity mode, at 2.58 GHz, is the one with a node near the centre of the spin 
chain. 
We now present results for a more realistic situation with a micromagnetic 
simulation of confined modes. An elliptical disc geometry is used with the length = 200 
nm, width = 100 nm and thickness = 10 nm.   The program Mumax 3.9.1 [63] was used 
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to numerically integrate Landau-Lifshitz-Gilbert equations with parameters appropriate 
to FeNe (Permalloy composition with Ms = 7.96 × 10
5 A/m, Aex = 13 × 10
-12 J/m,  = 
0.002 ).  The DMI parameter is D = 8 × 10-4 J/m2.  The magnetic field, B = 400 mT, is 
applied in the plane of the ellipse and along the long axis. The DMI is of the type that 
resembles an interfacial symmetry breaking, out of plane. This is assured by using 
mumax’s Dind1 parameter [62]. A simple calculation shows, that for this type of 
symmetry breaking, the direction of nonreciprocity is perpendicular to the 
magnetization direction and can be described according to [58]. 
Spectra and mode amplitudes are shown in Fig. 3, contrasting the dynamics found 
with and without DMI. The mode amplitudes at different times, along the center of the 
long axis, are plotted along with the bounding surfaces. These boundaries represent the 
extremal amplitudes reached by the wave during its oscillations. Movies illustrating the 
oscillations throughout a complete cycle can be found at [ “Source for online movie 
material goes here”].  
An essential feature in the oscillations is that while the amplitude increases and 
decreases between the bounds, it also shifts to the left with time. One consequence of 
this is that there is a net magnetic moment oscillating at each resonance frequency that 
can in principle be coupled to an oscillating magnetic field. The strength of the 
coupling, and therefore the absorption intensities, will depend upon the non-trivial time 
dependence of the mode amplitude. It is for this reason that the relative intensities of the 
                                                 
1 The same simulation has been performed using the Dbulk parameter to define the 
chiral energy density. Here the direction of nonreciprocity lies along the Magnetization 
axis. Results on this are shown in the supplementary section. 
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peaks shown in the upper part of Fig. 3 do not vary simply with the number of nodes 
when DMI is present. 
The dependence of confined mode intensities on the strength of the DMI for a 
ferromagnetic elliptical disk is shown in Fig. 4. The material parameters are the same as 
those used previously. The top panel shows the relative strengths of the confined modes 
as a function of DMI. It is interesting that as the DMI strength is increased, modes with 
different wavelength become evident in the response of the system.  Sample spectra and 
mode intensity profiles are shown in the lower part of Fig. 4. The spectra for two 
different values of the DMI are shown in the lower left panel, and the corresponding 
mode profiles are shown on the right.  The mode spectra and profiles were calculated 
using a magnetic pulse designed to excite all modes in the ellipse, and Fourier 
transforming the results in time in order to extract spectra. As a consequence of dipolar 
effects, edge localized modes can appear, as well as surface localized propagating spin 
waves. In the case studied here, surface wave effects are not present due to the thinness 
of the disk, but edge localized modes are observed. The profiles B0 and A0, shown in 
the lower right panel for zero DMI, correspond to the ferromagnetic resonance and edge 
modes, respectively.  
For a moderate value 1.0 mJ/m2 of DMI, modes appear to have shifted to lower 
frequencies, and new high order standing modes are visible as C1 and D1. The mode 
that has the highest intensity is the one closest to the original FMR frequency. The 
overall mode structure does not change, but the profile of lowest frequency ‘edge’ mode 
(A1) appears to more persistent. The most dramatic feature is the new high order mode 
C1 which without DMI is not visible in the spectrum. We conclude that DMI in the 
confined geometry will allow observation of this, and other standing modes that are 
normally not visible in resonance. The resulting frequencies and mode intensities will 
allow unambiguous values for DMI to be determined. 
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Summary. The picture usually considered for travelling waves confined by 
reflection is one where the energies are quantized according to a restricted set of 
wavelengths. The allowed wavelengths are determined by boundary conditions and 
specify the number and location of nodal lines and planes. We have re-examined this 
construction for the case of non-reciprocal propagation wherein waves at a given 
frequency have wavelengths that depend upon direction of travel. Non-reciprocity of 
this sort is, at least in the magnetic spin systems we consider, possible when the 
effective Hamiltonian does not possess inversion symmetry. We find that confinement 
in this more general case of non-reciprocal propagation produces a fixed nodal structure 
as found in the reciprocal case, but the wave amplitudes are modulated in time with a 
phase velocity determined by the difference in wavelengths between inequivalent 
propagation directions.  
The features above provide a simple method for detecting the presence of, and 
measuring the magnitude and sign, of the Dyzaloshinskiǐ-Moriya Interactions in 
magnetic spin systems.  With DMI, the mode patterns have asymmetric time-varying 
amplitudes, producing a time-varying net transverse magnetic moment, and resulting in 
new peaks in a ferromagnetic resonance experiment.  Measurement of the frequencies 
of these modes therefore provides direct and unambiguous values for DMI. Our results 
suggest that these new modes can be observed even in the case of weak DMI, and 
therefore also should be visible for relatively thick ferromagnetic films for which the 
DMI arises at interfaces. 
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Figure 1 
 
 
 
(a) Schematic of nonreciprocal dispersion relation when DMI is present. (b) The 
direction of propagation leads to different wavelengths. (c) Profiles of the spin 
excitations, calculated with the one-dimensional model,  at different times  for the mode 
at 2.58 GHz.  We see a node position that is constant, but the profile of the mode slides 
to the left with time. 
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Figure 2 
  
 
 
 
 
 
 
 
 
 
 
One dimensional spin chain simulation results for excitations caused by a small uniform 
canting from equilibrium.  Comparison of frequencies calculated (a) without DMI (top) 
and (b) with DMI (bottom). The numbers indicate the mode frequencies in GHz. New 
modes are visible with DMI. (Right panel) Spatial amplitude profiles for the modes at 
different frequencies seen in the DMI calculations.   
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Figure 3 
 
Results from micromagnetic simulations of spin waves confined in an elliptical disk. 
The FMR spectra without DMI (left) and with DMI (right) are shown at the top. They 
are represented by Fourier transformed of the time dependent z-component of the 
magnetization. The mode profiles, along the short axis of the ellipse, which correspond 
to the highest amplitudes in the spectra (each marked with a red vertical line) are shown 
in the lower section together with the phase angle. The outline of the mode profiles is 
indicated by dashed lines . Time snapshots of the wave are shown as green and blue 
curves. The green curve is plotted a quarter period later then the blue curve in the time 
evolution.  
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Figure 4 
 
Micromagnetic calculations showing how mode intensities and profiles depend upon 
interfacial DMI for an elliptical ferromagnet. The upper plot summarizes the 
frequencies and intensities of modes as a function of the DMI strength. Shown in the 
lower left are mode spectra calculated by taking the Fourier transform in time after 
excitation by a shaped pulse. The corresponding mode intensity profiles are shown on 
the right and identified by labels A0, etc.  
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Supplementary Information 
Supplementary Figure 1 
Evolution of the FMR spectrum under variation of the chiral energy density for Py 
parameters, with the magnetization and applied field parallel to the long axis of the 
ellipse. The direction of nonreciprocity is along the magnetization direction, confining 
more modes in a smaller frequency spectrum. The upper plot summarizes the 
frequencies and intensities of modes as a function of the DMI strength. Shown in the 
lower left are mode spectra calculated by taking the Fourier transform in time after 
excitation by a shaped pulse. The corresponding mode intensity profiles are shown on 
the right and identified by labels 1A, etc.  
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Supplementary Figure 2 
Evolution of the edge localized mode in Supplementary Figure 1 with increasing DMI. 
The left column shows absorption spectra at different DMI values D in mJ/m². The right 
column shows the mode profiles corresponding to the edge modes in the spectra. The 
black dashed lines indicate the wave amplitude, the black lines are time snapshots of the 
oscillation. 
